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Abstract 

We show that one can express Frobenius transformation on middle-dimensional 
p-adic cohomology of Calabi-Yau threefold in terms of mirror map and instanton 
numbers. We express the mirror map in terms of Frobenius transformation on |3-adic 
^ , cohomology . We discuss a p-adic interpretation of the conjecture about integrality 

of Gopakumar-Vafa invariants. 

in 

^ ! 1 Introduction 

. In [1] we gave an expression of instanton numbers in terms of Frobenius transforma- 

tion on middle-dimensional p-adic cohomology of Calabi-Yau threefold with respect 
to canonical coordinates on moduli space of complex structures . We mentioned 
Oh. that conversely Frobenius map in canonical coordinates can be expressed in terms 

(— I I of instanton numbers. (A rigorous exposition of the results of [1] was given in [2].) In 

present paper we will prove that Frobenius map on middle-dimensional cohomology 
constructed by means of any coordinate system in the neighborhood of maximally 
unipotent boundary point of complex structures can be expressed in terms of mir- 
' ror map and instanton numbers (Sec. 2) The calculations in Sec. 2 generalize some 

calculations of [1], however, our exposition is independent of [1]. In Sec. 3 we will 
discuss integrality of mirror map ; we will give an explicit formula for mirror map in 
terms of Frobenius transformation on cohomology of Calabi-Yau manifold. (Talk- 
ing about Frobenius map on cohomology we have in mind the middle-dimensional 
cohomology with coefficients in the ring Zp of integer p-adic numbers; see [3] for 
transparent construction of this map.) In Sec. 4 we interpret the conjecture about 
integrality of Gopakumar-Vafa invariants in terms of Frobenius map on p-adic wave 
functions. We hope that this interpretation will allow us to prove the conjecture. 
In the last section we describe a way that permits us to apply our calculation of 
Frobenius map to computation of zeta-functions of Calabi-Yau manifolds over finite 
fields. These zeta-functions were studied in [8]; our calculations are more general , 
but less explicit. 
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2 Calculation of Frobenius map 



Let us consider a family of complex Calabi-Yau manifolds of dimension n in the 
neighborhood of maximally unipotent boundary point in the moduli space M. of 
complex structures. The coordinates in the neighborhood of the boundary point 
will be denoted by zi,...,Zr; the points on the boundary divisor obey Zi = 0. We 
assume that the moduli space M. is defined over Z. 

The corresponding B-model can be formulated in terms of Hodge filtration J^p , 
monodromy weight filtration Wk and Gauss-Manin connection V on the bundle of 
cohomology groups H"^ (with complex coefficients). (See, for example, Sec 5.1 of [4] 
.) We assume that Morrrison integrality conjecture (see [5] or Sec 5.2.2 of [4] ) is 
satisfied. 

Wc will consider Calabi -Yau thrccfolds. In this case the cohomology group 
H can be represented as a direct sum of the subgroups /fc''^ = W2kf]^'' where 
A: = 0, 1,2,3, and rank/^'^ =rank/^'^ = l,rankJ-'^'^ = rank/^'^ = r. ( Here r stands 
for the dimension of A^.) 

Let us assume for simplicity that r = 1. Then we can take a symplectic basis of 

consisting of vectors G j3-k,3-k^ , /c = 0, 1, 2, 3. (In other words, the vectors 
efe obey < 63, cq >= 1, < 62, ei >= -1.) 

For appropriate choice of this basis (see, for example [4]) Gauss- Manin connec- 
tion takes the form 

Vses = 0, (1) 

Vse2 = Y3{z)e3, (2) 

V^ei = ^2(2^)62, (3) 

V5eQ = Yi{z)ei. (4) 

Here S stands for logarithmic derivative with respect to coordinate z in the neigh- 
borhood of maximally unipotent boundary point. Compatibility of Gauss-Manin 
connection with symplectic structure on cohomology implies that Yi = 13. 

We follow the notations of Sec 5.6.3 of [4]. It is shown in this section that the 
mirror map q{z) can be expressed in terms of Yi = Y^; namely Slogq = Y3. In 
canonical coordinate q we have Yi = Yj = 1 (for appropriate normalization of the 
basis in cohomology) and Y2 can be expressed in terms of instanton numbers (up to 
a constant summand.) In general Yj can be expressed in terms of mirror map and 
instanton numbers. There exists also an expression of Yi in terms of solutions of 
Picard-Fuchs equations (of periods of holomorphic 3- form = /cq.) We will need 
the relation 

5\og{f%%^Ys) = C3, (5) 
where C3 stands for one of the coefficients of Picard-Fuchs equation 

vjn = caV^n + C2vjn + aVsn + cqO. (6) 
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To obtain ([5]) we substitute Q = feo into Picard-Fuchs equation and apply ©-([l]). 
We will use © to calculate fY^Y2. 

One can prove that the action of Gauss-Manin connection on cohomology with 
coefficients in Zp is given by ([I|)-(|4|) where Yi are considered as series with p-adic co- 
efficients ;see [2]. (In this statement one should assume that the canonical coordinate 
and the vectors are normalized in appropriate way.) 

The map z — > is called Frobenius map; it induces a map on functions of z 
denoted by Fr. It is a non-trivial fact that it can be lifted to a map of cohomology 
groups with coefficients in Z^; this map (Frobenius transformation) also will be 
denoted by Fr. Frobenius transformation is compatible with symplectic structure 
on cohomology: 

< Fra, Fr6 >= p^Fv < a,b>, (7) 

where < a,b > stands for the inner product of cohomology classes. 

The Frobenius transformation does not preserve the Hodge filtration; however, 
for p > 3 it satisfies 

Fr^" C p'J^°. (8) 

We will always impose the condition p > 3. 

The Frobenius map preserves the monodromy weight filtration; hence its matrix 
is triangular in our basis: 

Frea = 03363, (9) 

Fre2 = pa22e2 + pa32e3, (10) 

Frei = p^aiiei + ^^02162 + 03163, (H) 

Freo = p^aooeo + p^oioci + ^^02062 + 03063. (12) 

Notice that in the LHS of these formulas the vectors ej are calculated at the 
point z and in the RHS these vectors are calculated at the point z^. The coefficients 
belong to Zp[[z]]. 

From the relation ([7]) we obtain 

033000 = 1, 022011 = 1, O00O32 = 022010, (13) 
011020 - O21O10 + O31O00 = (14) 

The Frobenius map is compatible with Gauss-Manin connection: 

V^Fr = pFiVs- (15) 
Using ([ISD we obtain relations between Yi and Ojj : 

Saji + aj^i^iYj = aj^i+iFr{Yi+i). (16) 

We conclude that 

Sau = (17) 
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6ai^i-i = ai^iFiYi - Ui^i^i^iYi (18) 
6ai^i-2 = ai^i^iFiYi^i - ai_i,j_2^j (19) 
daso = aaiFvYi - a2oY3. (20) 

It follows from these formulas that aj.j does not depend on z and i. ( Indepen- 
dence of z follows from the first equation; independence of i follows from second 
equation and from the remark that LHS of all equations vanish at z = 0.) Let us 
denote the common value of an by e; we obtain from (13) that e = ±1. 

The above formulas immediately permit us to calculate every matrix element of 
Frobenius map up to a constant summand. To fix these constants it is sufficient to 
know the matrix of Frobenius map at the point z = 0. From ()16p we can deduce 
that vanishing one of the elements of Frobenius matrix at 2: = implies that all 
other elements on the same diagonal (with the same difference between indices) are 
zero. From the other side it is proved in [2] that in canonical coordinates q we have 
ai2 = ; this means that in any integral coordinate system z we have 012 = at 
z = 0. (This follows from remark that dq/dz = ±1 at z = 0.) Applying (12), (13) we 
conclude that all off-diagonal entries of Frobenius matrix at z = vanish, except, 
may be, 030- 

Similar calculations can be used to calculate the Frobenius map for r > 1. In this 
case with an appropriate choice of symplectic basis cq, ei, e,., e*^, e^, e^' where 
Co € /^'^, ei, Cr- G P''^ , , e"^ G I^'^,e^ E P'^, Gauss-Manin connection can be 
represented in the following way 

V5,e° = 0, Vs,e^ =' Y/e"^, Vs.ej =^ Yi,ke\ Vs.eo =^ Y^ej. (21) 

We use the notation V^^ for the covariant derivative corresponding to 5i = Zid/dzi. 
In canonical coordinates ^Y^ =^ Y^ — hence in arbitrary coordinate system one 
can express ^Y^ =^ Y^ in terms of mirror map. (See [4], Sec. 5.6.3 or [7].) Taking 
into account that in canonical coordinates '^Y? is the normalized Yukawa coupling 
that can expressed in terms of instanton numbers we see that all coefficients in ()2ip 
can be expressed in terms of mirror map and instanton numbers. From the other 
side repeating the considerations used for r = 1 we relate these coefficients to the 
Frobenius map. 

Notice that we can consider also a transformation of cohomology groups over z 
into cohomology groups over z'^ where q = p^. This map denoted by Fr^*^ is induced 
by the s-th power of map z z^. One can calculate this map as a composition of s 
Frobenius transformations. From the other side we can use the compatibility of this 
map with Gauss- Manin connection to calculate it in the same way as Frobenius 
map. Composing Frobenius transformations we obtain 

Fr(^)ei = ^p(3-0+{s-i)(3-,)„(.^)e^. (22) 
where j ^ i and an = e'^. The equation for the coefficients in (j22l) has the form 

= 5aS;) + aS5_,l^ (23) 
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3 Expression for mirror map 

Integrality of mirror map was proven in [6] for quintic and in [2] in general case. 
In this section we will use the ideas of [2] to give an expression for mirror map in 
terms of Frobenius transformation. Integrality of mirror map will follow from this 
expression. 

Our main tool will be the Artin-Hasse exponential function 

EJx) = exp(x H \ TT- + ...). 

p p'^ 

The expansion of this function with respect to x has integer p-adic coefficients: 
Ep{x) G Zp[[a;]]. It is easy to check that 

S\ogEp{xP'^) - SlogEp{x'') = -kx^ = -5x^. 

Using this identity we can derive the following 
Lemma 1 

For every r{x) G ^p[[a3]] one can find such a series Q{x) G a;Zp[[x]] that ^{x) = 
6logQ{x) obeys 

i'{x^) — u{x) = Sr{x). 

To prove this lemma we give an explicit construction of Q{x) in terms of Artin- 
Hasse exponential. Let us suppose that r{x) = Hrj-x''. Then it follows immediately 
from the properties of Artin-Hasse exponential that the power expansion of the 
product Q{x) = x'n.kEp{x^)~'^'' is a series we need. 

Artin-Hasse exponential can be expressed as a product: 

Ep{x) = n(l - ar")-^ 

where n runs over all natural numbers that are not divisible by p and /x stands for 
Moebius function. Using this expression we can obtain another representation of 
Q{x) : 

Q{x) = xUk{l - x^Y" (24) 

where 

Sk = ^—]-rk 
a d 

and d runs over all divisors of k that arc not divisible by p. 

In the situation considered in Sec. 2 integrality of mirror map and an explicit 
expression for it immediately follows from this lemma applied to the function r{z) = 
=ta32(-z)- Using (18) and taking into account that an = e = ±1 we obtain 

6ai,i.i = ±{FiYi-Yi). 
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Applying this relation for i = 3 we can say that the role of the function v is played 
by the function 13. The mirror map q obeys 5logq = Y^; this equation specifies q 
up to a constant factor. We come to a conclusion that 

q{z) = constzUkEp{z^)^''32 (25) 

where denotes the coefficient of z-series 032(2:). 

One can prove that in appropriate normalization of mirror map the constant 
in this formula is equal to ±1. We will not discuss the calculation of this constant 
referring to [2]. 

Applying (23) we can present the expression for q(z) in the form 

q{z) = constz{l - z^ f*', 

where 

Ok = 2^^ea32- 

Notice that applying the above considerations to the relation (18) for arbitrary 
i we can prove integrality of all functions qii^z^ obeying 

b\ogqi = Yi. (26) 

These functions generalizing the mirror map were introduced by Deligne [7] in ge- 
ometric way; see also [4], Sec. 5.6.3. Notice that the equation ([^7]) specifies the 
function q-ii^z) only up to a constant factor, but the geometric definition fixes this 
factor. 

It follows from the proof of integrality of qi{z) that 

1. 

q^i ( zP ) ^ 

QiA-i = ± log , , — h const (27) 

One can prove that the constant in this equation vanishes. 

We have considered the mirror map only for Calabi-Yau threefolds and only in 
the case when r = 1. However, our consideration can be applied also to n-dimensional 
Calabi-Yau manifolds without any restriction on the dimension r of moduli space of 
complex structures. 

In the case r > 1 one should apply the following multidimensional generalization 
of Lemma 1. 
Lemma 2 

Let us suppose that r*(z) G Zp[[zi, Zr]]. Then one can find such series Q^{z) G 
ZiZp[[zi, Zr]] that Uj = (5jlog(5* obeys 

Fri/j - = 6jr\ 

Here 5j stands for the logarithmic derivative with repect to Zj and the Frobenius 
map Fr transforms /(zi, Zr) into f{z^, Zr). 
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Again we can write 

Q\z)=z,IikEp{z^)-'l, 

where are coefficients of the power expansion of r*(z) (we consider k as multiin- 
dex). 

4 Free energy and wave function 

Let us consider B-model in canonical coordinate q on the moduli space M of com- 
plex structures. (We assume that the dimension r of is equal to 1, but the 
generalization to the case r > 1 is straightforward.) Then the calculations of Sec. 
2 coincide with the calculations of [1] and we obtain the following expression for 
Frobenius map: 

Fres = eg, (28) 
Fre2=pe2, (29) 
Frei = p^ei + p^a2ie2 + 03163, (30) 
Freo = p^eo + ^^02062 + 03063, (31) 
where all coefficients can be expressed in terms of a = 030; namely 

021 = -^5^0,031 = -020 = <Ja. 

Here we consider the case when all diagonal coefficients are equal to 1; in the case 
when the diagonal coefficients are equal to —1 we should change some signs. The 
symbol 5 stands for logarithmic derivative with respect to q (for derivative with 
respect to t = logg). 

In canonical coordinates the function Yi = is equal to 1 and the function 
y = I2 is the Yukawa coupling (third logarithmic derivative of genus zero free 
energy f = Fq). If the Yukawa coupling has the form 

y(g) = c+^nfcg^ 

the genus zero free energy can be represented as 

/(g) = ci3 + ^A;-W. 

It was derived in [1] from ( [281I3T]) and compatibility of Frobenius map with Gauss- 
Manin connection (15) that 

Y{qn - Y{q) = ^5^. (32) 
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(The equations (j28ti3ip and ([32|) follow from (17)-(20).) For genus zero free energy 
f = Fq we obtain 

p-'f{qn-m = la. (33) 

It was shown in [1] that (j32|) can be used to analyze integrality of instanton 
numbers. It was mentioned there that the main lemma that permitted us to give p- 
adic interpretation of instanton numbers (=genus zero Gopakumar-Vafa invarians) 
can be generalized to the case of Gopakumar-Vafa invariants for arbitrary genus. 
Let us formulate now one of possible statements of this kind. 

Recall first of all that the free energy 

F{q)=Y,X'^-'F,{q) (34) 

can be represented as a sum of the contribution of non-trivial instantons F' and the 
contribution of constant maps F" . The first summand can be expressed in terms of 
Gopakumar-Vafa invariants n£: 



„/ \ - „ 1 , mX 



2(7—2 mk 
y ^ , Q - 

m 2 



We sum here over all possible values of g = 0, 1, 2, ... and over fc, m G N. The second 
summand has the form 



F" = 



ct^ dt 



6 24 

where c and d are integers. Using these formulas one can represent the partition 
function Z as Z' Z" where 

Z' = exp(F') = ]J(1 - K'-q'')'^l (35) 
Z" = exp(F"). (36) 



Here A = e" 



1+ E 



mji. = rn^ 

3>l+|r 

(In the formulas for free energy we disregard a constant summand, in the formulas 
for partition function we disregard a constant factor.) 

The derivation of these formulas is based on elementary identities 

m r=0 

for 5 > 0, 



(5:l(2sin!^^)-V'^) = n(l-A-V)' 



exp 

' ■'^ — ' m 

m r=l 
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for 5 = 0. ( See [13].) 

The integrality of numbers follows from integrality of Gopakumar-Vafa in- 
variants. Conversely, one can prove that the integrality of the numbers m'^ together 
with integrahty of instanton numbers implies the integrality of all Gopakumar- 
Vafa invariants n^. Further, the integrality of is equivalent to the integrality 
of Z' considered as an element of the ring of power series with respect to q with 
coefficients in Laurent series with respect to A. (The integrality is understood as in- 
tegrality of coefficients of Laurent series.) The integrality of Z' can be expressed also 
in terms of p-adic reduction of Z' . ( We can consider p-adic reduction of it because 
the coefficients in series with respect to q, A and, in the case, of Z" with respect to 
t = logq,i\ = log A are rational.) It is easy to check that for this reduction 

Z'(AP qP] 

^i^ = l+K(A,<,). (37) 

where ^ is a power series with respect to q having as coefficients Laurent series with 
respect to A ; the coefficients of these Laurent series are p-adic integers. Notice that 

F"{p\pt)-pF"{X,t) = Q, (38) 

hence 

Z"{p\pt) _ 
Z"{X,t)P 

We see that Z also has integrality properties generalizing ([37|) . 

One should emphasize that the formula (j35p is valid only for |A| > 1 (we used 
this condition in the analysis of the contribution of g = 0.) However, we can use 
the fact that Z is a function that is even with respect to A (i.e. it does not change 
under the substitution A A~^); therefore it can be considered as a function of 
u = A-\- A~^ — 2 = —2 sin^ ^ having a first order pole at u = 0. It is easy to derive 
from the above statements that the Laurent series with respect to ly that appear in 
Z' as coefficients in the power series with respect to q have integral coefficients. The 
derivation is based on the existence of one-to-one correspondence between integer 
polynomials with respect to and integer Laurent polynomials with respect to A 
that do not change under the substitution A — > A~^. It uses also the fact that 
Laurent series for at the point A = oo contains only negative powers of A 
appearing with integer coefficients. 

Notice that the integrality properties can be expressed in terms of p-adic reduc- 
tion of free energy. Namely, it follows from the above results that 

F'{pX,qn-pF'iX,q)=pT, (39) 

where r G q]]. This statement was mentioned in [1],[2]. Using (|38p we 

obtain that F = F' + F" has the same integrality property as F' . 

B-model for arbitrary genus ( or, more precisely, corresponding topological 
string) can be obtained from genus zero B-model by means of quantization [11]. 
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The wave function of B-model in holomorphic polarization (in polarization cor- 
responding to the basis e^) can be expressed in terms of free energy ()34p in the 
following way 



* = exp (F(A i + ^) - A-2(Fo(t)p2 + df^^^p + 



X 



-(^-l)log(p)). (40) 

where {x,p) are coordinates on Lagrangian subspace spanned by ei,eo and x is 
an integer. (This expression was derived in [12] from the results of [10].) Let us 
restrict our attention to the class of wave functions having the form ijj = where 
/ = h~'^ fo + fi + hf2 + ••. (to the class of semiclassical wave functions). In B- 
model h = X'^; the wave function of B-model belongs to our class. It is easy to 
check that a semiclassical wave function remains in the same class when we change 
the polarization (i.e. the group of symplectic transformation acts projectively on 
our space). (See [12], the end of Sec 2.) Moreover, the formulas relating the wave 
function ip = to the wave function ip' = give a rational expression of /' in 
terms of /, hence they can be applied over any field, in particular over a field of 
p-adic numbers. This remark permits us to define Frobenius map on wave functions 
of B-model: using ()28p - (l3ip and the formula (8) from [12] we see that we should 
define Frobenius map in canonical coordinates in the following way: if Fr^ = -0' 
then 

/' = / + (^(ap2 + 5ap + U^ax^)) (41) 

As follows from d?]) the Frobenius map preserves the symplectic form on cohomology 
up to a constant factor, hence strictly speaking it is not symplectic map; nevertheless 
we can use the formulas from [12] to define its action on wave functions. Notice that 
in ([^T|) /' is calculated at the point q and / at the point qP . 

We conjecture that the p-adic analog of the expression ^ obeys 

Fr^f 

^ = 1+K (42) 

where C is an integral expression ( we understand integrality in the sense explained 
after the formula (j37p ). It follows from the above results that the integrality of 
Gopakumar-Vafa invariants is equivalent to this conjecture. 

To verify this statement we represent ^ as a product of three factors: 

* = exp exp {-X-\F,{t)p' + ^-^^P + \^^')) exp (-(^-1) log(p)) • 

It follows from our assumptions about Frobenius map and from (j33p that in Fr^'/^'^ 
the contribution of the second factor in ^ cancels with the exponent coming from 
(HH). We obtain that (gS]) is equivalent to (f37I) . 

It follows from [1] that in genus zero approximation our conjecture is true; it is 
easy to check this fact directly. 
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5 Calculation of zeta-function 



In Sec 2 we calculated the Frobenius map on middle-dimensional cohomology in the 
neighborhood of maximally unipotent boundary point. It was represented by means 
of a series with integral p-adic coefficients; this series converges in the open unit 
p-adic disk. (For simplicity we assume again that r = 1.) However, changing a basis 
in cohomology in appropriate way we can enhance the domain where our formulas 
make sense. 

The right basis in cohomology consists of vectors S7o = ^2, f^i = V^J^, = 
V|J7, = V^ri, where stands for the cohomology class of the holomorphic 3- 
form. ( We assume that O is a holomorphic function on the whole moduli space of 
complex structures.) We can write = /cq where f{z) is a function holomorphic 
at z = 0. One can characterize f{z) as a holomorphic solution of Picard-Fuchs 
equation. Applying ([IM]) we obtain 

no = feo, (43) 

ni = Sfeo + fYiei, (44) 

= S^feo + 26fYiei + fSY^ei + fYiY2e2, (45) 

n:i = 6^feo+36^fYiei+36f6Y,ei+f6^Y,ei+36fYiY2e2+2f6Y,Y2e2+fY^6Y2e2+fYiY2Y^e3. 

(46) 

It is well known that zeta-function can be expressed in terms of traces on co- 
homology of Frobenius map and its powers at Teichmueller points. (Teichmueller 
points are defined as elements of the field Cp of complex p-adic numbers obeying 
z^" = z for some s E N. In other words, these points are fixed points of powers of 
Frobenius map z — > z^. Only at Teichmueller point the transformation Fr^*^ corre- 
sponding to a power of map z — > maps a cohomology group into itself and we 
can talk about the trace of this transformation.) 

To calculate the zeta-function we should know the Frobenius map on all coho- 
mology groups. Our results are not sufficient for this calculation if we impose only 
the condition of existence of non-vanishing holomorphic 3-form in the definition of 
Calabi-Yau threefold. (Only this condition was necessary to derive the results of Sec 
2 and 3.) However, very often one includes additional conditions in the definition 
of Calabi-Yau manifold X; namely one requires that holomorphic forms of positive 
degree exist only in maximal dimension (i.e. the Hodge numbers h''^ vanish unless 
k = or k = dimX). If these conditions are included all cohomology classes on 
Calabi-Yau threefold, except classes in middle-dimensional cohomology, can be rep- 
resented by means of algebraic cycles. If an algebraic cycle is a manifold specified 
by equations with rational coefficients then at a Teichmueller point an element of 
cohomology group dual to the cycle is an eigenvector of (a power of ) Frobenius map; 
the eigenvalue of is equal to p'^^ where d stands for the codimension of algebraic 
cycle. The proof of this fact is based on the remark that one can define Frobenius 
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map of algebraic cycles that is Poincare dual to the Frobenius map on cohomol- 
ogy and that the Frobenius map on algebraic cycles of the submanifold agrees with 
the Frobenius map on algebraic cycles of the whole manifold. If the cohomology 
group is spanned by algebraic cycles given by rational equations the action of Fr^ 
reduces to multiplication by p'^'^. This happens, in particular, for toric manifolds 
and for complete intersections in toric manifolds in the case when the restriction 
map of two-dimensional cohomology of toric manifold into cohomology of complete 
intersection is surjective (for example, for quintic) . 

A cohomology class that corresponds to an arbitrary algebraic subvariety still is 
an eigenvector with respect to Fr^, but the eigenvalue can be equal a root of unity 
multiplied by p'^^. 

This implies that the eigenvalues of the Frobenius on the second cohomology 
group have the form e^p, where is a root of unity, and on the fourth cohomology 
group the eigenvalues are equal to e~^p^- 

It is well known that zeta-function can be represented clS 9jS cL quotient of two 
polynomials; odd-dimensional cohomology groups contribute to the numerator P{t) 
and even-dimensional cohomology groups contribute to the denominator Q{t). In 
the situation at hand it is easy to calculate the denominator. 

If the cohomology group is spanned by algebraic cycles given by rational equa- 
tions one obtains 

Qit) = (1 - t){l-ptf\l -pHf\l -pH). (47) 

In general case 

Q{t) = {l-t){l-ph) n (1 - eipt)(l - erVi). (48) 

i<j</iii 

All odd-dimensional cohomology groups except vanish, therefore we can ob- 
tain an expression of zeta-function in terms of Frobenius transformation on middle- 
dimensional cohomology calculated in Sec 2. We will not reproduce the result of 
this trivial, but lengthy calculation. Similar calculations can be performed in the 
case of elliptic curves (in this case we rederive Dwork's result [9]) and in the case of 
K3 surfaces (Calabi-Yau manifolds of dimension 2). 

To give a flavor of formulas obtained by means of the methods described above 
we consider much simpler problem: how to calculate the number of points mod p^. 
(We are talking about the number of points of Calabi-Yau manifold over Fp . ) As 
in general case we should calculate the trace of the operator Pr on the cohomology 
group over Teichmueller point using the basis VLq = $7, J7i = V^fi, = V^fi, = 
V^Q, but we can drop in our calculations all terms containing p^. The calculation 
of this trace leads to the following result: 

TrFr = A + Bp{l + -^{FiiU) - U)) (49) 
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where o = 032 is a matrix element of Fr (see <^Qii), A = fY^Y2,B = fYiY2 ,U = 
5 log{f'^Y^Y2) . We use here the notation 

A Ft{R) 

It seems that U is well defined at Teichmueller point; if this is true then Pr(f/) = U 
and 

TrFr = A + Bp. 

Notice that one can simplify this formula using dSJ . In particular, we obtain that 
mod p 

TrFr = i = F = (50) 

The above considerations permit us to say that in principle zeta-function of 
Calabi-Yau threefold can be expressed in terms of mirror map, instanton numbers 
and holomorphic period /. 

There exists also an expression of zeta function in terms of all periods (solutions 
of Picard-Fuchs equation). Recall, that the periods / = fo, fi, f2, f3 can be inter- 
preted as integrals of the form over covariantly constant families of cycles or as 
scalar products with covariantly constant forms go, 91, 92, 93- The scalar products 
< 9a, >=< gai V'il > can be obtained from periods by means of differentiation. 
We will express zeta-function in terms of matrix fab of these scalar products (period 
matrix). Here < a,6 < 3. Let us assume that the forms 90,91,92,93 constitute 
a symplectic basis in three-dimensional cohomology. Then = f\,9b where the 
matrix r is a product of symplectic matrix e and period matrix /. The matrix, 
inverse to r, will be denoted by p. Periods are series with respect to z,\ogz having 
rational coefficients. Hence we can consider p-adic reduction of periods as well as of 
matrices r and p. (Recall that logarithm makes sense in p-adic setting.) Therefore 
starting with the basis fij that makes sense over p-adic numbers we can construct 
a basis gi of p-adic cohomology, related to by the same formulas as in complex 
case. This basis also will be covariantly constant. It follows immediately from psp 
that the matrix of Frobenius map in covariantly constant basis is constant; hence 
it is sufficient to calculate it at the point z = 0. The behavior of Frobenius map at 
this point was discussed in Sec. 2 on the base of results of [2]. 

We can say that the matrix of a power of Frobenius map Fr*-**^ in the basis 
Qi is a product of the matrix Fr'^r, the constant matrix of Fr^'*^ at 2; = and 
the matrix p. Calculating the trace of this matrix at Teichmueller points we can 
obtain zeta-function. Notice, that the entries of period matrix are series diverging 
at Teichmueller points, but the entries of the matrix of the power of Frobenius map 
are given by series that converge at these points. 

The zeta-function of quintic was analyzed in [8]. The formula (I50p agrees with 
[8]. It would be interesting to rederive other results of [8] using our calculation; it 
seems that this is possible, but not simple. 
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